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Abstract 

We give a path model for a level zero extremal weight module over a quantum 
affine algebra. By using this result, we prove a branching rule for an extremal 
weight module with respect to a Levi subalgebra. Furthermore, we also show a 
decomposition rule of Littelmann type for the concatenation of path models for an 
integrable highest weight module and a level zero extremal weight module in the 
case where the extremal weight is minuscule. 

Introduction. 

Let q be a symmetrizable Kac-Moody algebra with f) the Cartan subalgebra and W the 
Weyl group. We fix an integral weight lattice P C f)* that contains all simple roots II of 
q. Let A G P be an integral weight. In P| and [|C2], Littelmann introduced the notion 



of Lakshmibai-Seshadri paths of shape A, which are piecewise linear, continuous maps 
7r : [0, 1] — > P parametrized by pairs of a sequence of elements of WX and a sequence 
of rational numbers satisfying a certain condition, called the chain condition. Denote by 
B(A) the set of Lakshmibai-Seshadri paths of shape A. Littelmann proved that B(A) has 
a normal crystal structure in the sense of [ |Kas3|| , and that if A is a dominant integral 
weight, then the formal sum e ( 7r (l)) * s ec L ua l to the character chL(A) of the 

integrable highest weight g-module L(X) of highest weight A. Then he conjectured that 
B(A) for dominant A G P would be isomorphic to the crystal base of the integrable highest 
weight module of highest weight A as crystals. This conjecture was affirmatively proved 



independently by Kashiwara ||Kas4j| and Joseph 



*To be revised. 
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In [ Kas2 ] and ||Kas5|| , Kashiwara introduced an extremal weight module V(A) of ex- 
tremal weight A G P over a quantized universal enveloping algebra U q (g), and showed that 
it has a crystal base B(X). The extremal weight module is a natural generalization of an 



integrable highest (lowest) weight module. In fact, we know from [ Kas2| , §8] that if A G P 



is dominant (resp. ant i- dominant), then the extremal weight module V(X) is isomorphic 
to the integrable highest (resp. lowest) weight module of highest (resp. lowest) weight 
A, and the crystal base B(X) of V(X) is isomorphic to the crystal base of the integrable 
highest (resp. lowest) weight module as crystals. 

Now, assume that g is of affine type. Let / be the index set of the simple roots II of 
g, and fix a special vertex G / as in [|Kas5| , §5.2]. In this paper, as an extension of the 



isomorphism theorem due to Kashiwara and Joseph, we prove that if A is a fundamental 
basic weight zUi G P for i G Io '■= I \ {0} (see |Kas5| , §5.2]; note that Wi is not dominant), 
then the connected component^ B (tt7j) of M(wi) containing 7r ro . (£) := tw^ is isomorphic 
to the crystal base B(wi) of the extremal weight module V{wi) as crystals. Namely, we 
prove the following: 

Theorem 1. Assume that g is of affine type. There exists a unique isomorphism <3> roi : 
B{wi) — > M (wi) of crystals such that ^ VJi {u mi ) = 7r m , where u VDi G B{wi) is the unique 
extremal weight element of extremal weight w^. 



In [ Kas5 |, Kashiwara conjectured that if A = Yli£i m i w ii then there exists a natural 



embedding of crystals from the connected component -Bo (A) of B(X) containing the ex- 
tremal weight element u\ of weight A into the tensor product (£) ieIo B(zui)® mi that maps 
u\ to ^ ieIo u®™ i . Beck and Nakajima proved in Q, |BN], and ]N) that this conjecture 



is true. Because the tensor product of crystals corresponds to the concatenation of path 
models (cf. |L^, §1 and Lemma 2.7]), we get the following corollary by combining the 
above result of Beck and Nakajima and Theorem 1. 



com- 



Corollary. Let X = Y2iei Q m i w i £ P with m,i G Z> , and let B (A) be the connected 
ponent of the concatenation Catj g / Bo(tUj)* mi of path models Bo(tz?j) ? s containing the path 
tt\ := Catj 6 / 7r^% i.e., that o/Catj 6 / M(wi)* mi . Then there exists a unique isomorphism 
$a : B (X) ^ B (A) of crystals that maps U\ to -k\. 

Let Qs be a Levi subalgebra corresponding to a proper subset 5* of the index set /. 

By restriction, we can regard the crystals B(iUj) and M (zUi) for g as crystals for g$- We 

show the following branching rule for B(cf7j) and M (u7i) as crystals for g^: 

1 The authors have checked that the crystal graph of B(tn J ) is connected for some special WiS. For 
example, if Wi is minuscule, then M(vci) is connected. The connectedness of the crystal M(zui) will be 
studied in a forthcoming paper. 
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Theorem 2. As crystals for g$ , andM (wi) decompose as follows: 

M(wi)= |J B 5 (tt(1)), B (tJ7i)^ [J B s (tt(1)). 

7rGB(ro 4 ) 7reB (roi) 
tt: gs-dominant tt: gg-dominant 

where Ms(X) is the set of Lakshmibai-Seshadri paths of shape X for gs, an d ft G B(ti7.j) is 
said to be gs-dominant if (ft(t))(a^) > for all t G [0, 1] and i G S. 

We also show that the extremal weight module V(wi) of extremal weight is com- 
pletely reducible as a g^-module. As an application of Theorems 1 and 2 above, we obtain 
the following branching rule for V{vJi): 

Theorem 3. The extremal weight module V{wA of extremal weight Wi is completely 
reducible as a U q (gs) -module, and the decomposition of V{wA as a U q (Qs)-module is 
given by: 

7TGB (roi) 
tt: gg-dominant 

where Vs(X) is the integrable highest weight module of highest weight A over the quantized 
universal enveloping algebra U q (Qs) of the Levi subalgebra q$. 

Assume that Wi is minuscule, i.e., Wi(a y ) G {±1,0} for every dual real root a v of g. 
Then we can check that B(tUj) is connected, and hence B(tUj) = M (zai). In this case, we 
get the following decomposition rule of Littelmann type for the concatenation B(A)*B(n7j). 
Here we note that unlike Theorems 2 and 3, this theorem does not necessarily imply the 
decomposition rule for tensor products of corresponding U q (g) -modules. 

Theorem 4. Let X be a dominant integral weight which is not a multiple of the null root S 
of g, and assume that Wi is minuscule. Then the concatenation B(A) *M(wi) decomposes 
as follows : 

M(X)*M(wi)^ [J B(A + tt(1)), 

7reB(ro i ) 
7r: A-dominant 

where tt G B(cc7j) is said to be X-dominant if (A + 7i(t))(a^) > for allt G [0, 1] andi G /. 

Remark. The reader should compare Theorems 1 and 4 with the corresponding results 
0, Theorems 1.5 and 1.6] of Greenstein for bounded modules. 

This paper is organized as follows. In §[]], we fix our notation, and recall some basic 
facts about crystal bases. In §[| and §0, we introduce some tools for crystal bases and 
path models, which will be needed in the proof of our isomorphism theorem (Theorem 1). 
In §|], we will prove our main results mentioned above. 
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I Preliminaries and Notation. 

1.1 Quantized universal enveloping algebras. Let A = (a^), Jg / be a symmetriz- 
able generalized Cartan matrix, and g := g{A) the Kac-Moody algebra over Q asso- 
ciated to the generalized Cartan matrix A. Denote by 1) the Cartan subalgebra, by 

II := {«i} ie/ C f)* and Il v := {&i} ieI C f) the set of simple roots and simple coroots, 
and by W = (n \ i E I) the Weyl group. We take (and fix) an integral weight lattice 
Pet)* such that a, G P for all i E L 

Denote by U q (g) the quantized universal enveloping algebra of g over the field Q(q) of 
rational functions in q, and by U~(g) (resp. U q (g)) the negative (resp. positive) part of 
Uq(g)- We denote by U q (g) = © Ae p^(fl)aA the modified quantized universal enveloping 
algebra of g, where a\ is a formal element of weight A (cf. ||Kas2| , §1.2]). 



1.2 AfRne Lie algebras. In some parts of this paper, we will assume that g is of 
affine type. In this case, we use the following notation. Let 

S = ^2 a i a i G •)* and c = a i a * G ^ (1.2.1) 
iei iei 

be the null root and the canonical central element of g. We denote by (■ , ■) the bilinear 
form on f)*, which is normalized by: a( = ^f^ ai for all i E I. Set ^ := ie/ Qa t C f)*, 
and let cl : fjjj -» t)o/Q8 the canonical map from [)q onto the quotient space tj^/QS. We 
have a bilinear form (denoted also by (■ , ■)) on f)p/Q5 induced from the bilinear form 
(• , •), which is positive-definite. 



We take (and fix) a special vertex E I as in |[Kas5| , §5.2], and set Iq :— I \ {0}. For 
i E Iq, let zui be a unique element in © ieJf) Q«i such that zi7j(aj) = t^j for all j G Jo- 
Notice that Aj := Wi + a/Ao is an z-th fundamental weight for g, where Ao is a 0-th 
fundamental weight for g. So we may assume that all w^s are contained in the integral 
weight lattice P. 

1.3 Crystal bases. Let £>(oo) be the crystal base of the negative part U~(g) with 
Woo the highest weight element. Denote by e« and fi the raising and lowering Kashiwara 
operator on £>(oo), respectively, and define e, : £>(oo) — > Z and ipi : B(oo) — > Z by 

e,{b) :=max{n>0 | e™6 ^ 0}, ^(6) := £;(&) + (wt(6))K v ). (1.3.1) 



Denote by * : B(oo) — > B(oo) the so-called *-operation on B(oo) (cf. ||Kasl| , Theorem 



2.1.1] and ||Kas3| , §8.3]). We put e* :=*oe,o* and /* :=*o/jO* for each i E I. 



Theorem 1.3.1 (cf. ||Kasl| , Theorem 2.2.1]). For each i E I, there exists an embedding 
i&i : £>(oo) B(oo)®Bi of crystals that maps Uoo to Uoo®bi(0), where Bi : = [bi{n) \ n E 
Z} is a crystal in [|Kasl| , Example 1.2.6]. In addition, if b = (/*) &o with some k E Z>o 
and b E £>(oo) such that e*b = 0, then ^^(b) = b ® bi(— k). 
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We denote by B(— oo) the crystal base of the positive part U+(g) with -u.^ the lowest 
weight vector, and by and /j the raising and lowering Kashiwara operator on B(—oo), 
respectively. We set 

£i(b) :=<Pi(b)-(wt(b))(a%), <pi(b) :=max{n>0\f?b^0}. (1.3.2) 

We also have the ^-operation * : B(— oo) — > B(— oo) on £?(— oo). We can easily show that 
there exists an embedding : £>(— oo) oo) of crystals with properties similar 

to in Theorem |1.3.1| . 

Let B(U q (g)) = \_\ XeP B(U q (g)a\) be the crystal base of the modified quantized uni- 
versal enveloping algebra U q (g) with u\ the element of B{U q (g)a\) corresponding to 
(i\ G U q (o)a\ (cf. ||Kas2| , Theorem 2.1.2]). We denote by ej and fi the raising and lowering 
Kashiwara operator on B(U q (g)), and define E{ : B{U q (g)) — > Z and <pi : S(f/ g (g)) — > Z by 

£i(b) :=max{n>0 | e™6^0}, ^(6) := max{n > | f? b ^ 0}. (1.3.3) 
We know the following theorem from [|Kas2| , Theorem 3.1.1]. 

Theorem 1.3.2. There exists an isomorphism 3\ : B(U q (g)a\) £>(oo) <S> T\ <E> i3(— oo) 
o/ crystals such that E\(u\) = Uoo ®t\ ®m_ 00; where T\ := {^a} «s a crystal consisting of 
a single element t\ of weight A (cf. |[Kas3| , Example 7.3]). 



We also denote by * : B(U q (g)) — > B(U q (g)) the *-operation on B(U g (g)) (cf. [Kas2 
Theorem 4.3.2]). We know the following theorem from ||Kas2| , Corollary 4.3.3]. 



Theorem 1.3.3. Let b G B(U q (g)a\) , and assume thafE\(b) = bi®t\®b2 withbi G £>(oo) 
andb 2 G B(—oo). Then, b* is contained in B(U q (g) a y) , where X' := — A — wt(&i) — wt(6 2 ), 
and Ey(b*) =b\®t y ®b* 2 . 

1.4 Crystal base of an extremal weight module. Since B(U q (g)) is a normal 
crystal, we can define an action of the Weyl group W on B(U q (g)) (see ||Kas2| , §7.1]); for 
% G I, we define an action of simple reflection by 

(f?b if n:= (wt(6))(cv 4 v ) >0 
ri b:={ l> ~ for beB(U q ( S )). (1.4.1) 

\e~ n b if n:= (wt(6))(a 4 v ) < 0. 

An element b G S(C/ g (g)) is called extremal if the elements \wb} w&w C B(U q (g)) satisfy 
the following condition for all i G /: 

if (wt(w6))(a t v ) > 0, then e^wb) = 0, 

and if (wt(iu&)) (a, v ) < 0, then f^wb) =0. ' ' ' ' ' " ' 
For A G P, we define a subcrystal £>(A) of i3(f/ g (g)aA) by 

B(X) := {b G B(U q {g)a x ) \ b* is extremal}. (1.4.3) 
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Remark that u\ E B(U q (g,)a\) is contained in B(X). We know from ||Kas2| , Proposition 
8.2.2] and | Kas5 , §3.1] that B(A) is the crystal base of the extremal weight module ^(A) 
of extremal weight A over U q (g). 

2 Some Tools for Crystal Bases. 

2.1 Multiple maps. We know the following theorem (see |[Kas4| , Theorem 3.2]). 



Theorem 2.1.1. Let m E Z >0 . There exists a unique injective map S mt00 : B(oo) » 
B(oo) suc/i /or all b E B(oo) and i E I, we have 

wt(S m>00 (b)) = mwt(fc), (S^oo (&)) = rnsi(b), (pi{S m>00 (b)) = rrnp^b), (2.1.1) 

*S'm,oo( M oo) = M oo) Sm^ifiib) = e i S mi00 {b), S miCX3 {fib) = fl S mi00 \b). (2.1.2) 

Proposition 2.1.2. VP^e set ^ := * o 5 m>00 o *. Then we have ^ = S mj00 on B(oc) . 
Namely, the -^-operation commutes with the map S m)00 : B(oo) B(oo). 



The proposition above can be shown in a way similar to | NS2 , Theorem 2.3.1]. Before 
giving a proof of the proposition, we show the following lemma. 

Lemma 2.1.3. The following diagram is commutative: 



B(oo) 



B(oo) 



B(oo) ® B, 



B(oo) ® Bj. 



(2.1.3) 



ifere <S mj - : Bj 



Bj is a map defined by S m j(bj(n)) := bj(mn) 



Proof. For b E B(oo), there exists 6q G B(oo) such that b = (/*) 6q for some G Z> and 



e*6 = 0. Then, by Theorem |1.3.1| , we have \I> (b) = b ® bj(—k), and hence 



(S«®Smj)(*7(&)) = ^(6o) 



-mk). 



On the other hand, we see that S^ i00 (&) = (//) m/c ^ >oo (6 ). If e*^ iOO (6 ) ^ 0, then 
we have £j(S mj00 (bQ)) > 1. Since £j(S , m ,oo(^)) — m£ jQ ) ) m ^ fo r an ^ e B(oo), we deduce 
that £j(5' m)00 (6o)) > and hence (e*) m S , ^ oo (6 ) 7^ 0. However, since e*6 = 0, we get 
(e*) m 5 , ^ 00 (6o) = ^m,oo( e j^o) = 0' which is a contradiction. Therefore, we conclude that 



e jSm oo(^o) = 0. It follows from Theorem |1.3.1| that 



Hence we have (S* 
lemma. 



*j(5^oo(6)) = *7((/;) mfc ^, 00 (6o)) = ^ i00 (fo Q ) ® 

g) 5 mj -)(*j(6)) = *J(S^ )00 (6)). This completes the proof of the 



□ 
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Proof of Proposition \2.1.Q . We will prove that S^(b) = S m!OQ (b) for b G £>(oo)_g by in- 
duction on the height ht(£) of £ (note that — wt(6) G ^ ie /^>o a i f° r ah 6 £ <6(oo)). If 
ht(£) = 0, then 6 is the highest weight element G B(oo), and hence the assertion is 
obvious. 

Assume that ht(£) > 1. Then there exists some i G I such that &i := e^b ^ 0. If 
e*6i = for all j G /, then bi = Uoq, and hence b = /jWoo- Because /fwoo is a unique 
element of weight — kcti for all k G Z>o, and wt(6*) = wt(6) for all b G S(oo), we deduce 
that b* = b, and hence that 

S^ootfO = (S m ,oo(&*))* = (Sm,oo(&))* = (/>«,)* = /f«oc = fi^,oc(6). 

So we may assume that there exists j G / such that e*6i 7^ 0. Let 6 2 G 6(00) be such 
that e*6 2 = and 61 = (f*) k b 2 for some G Z>i. Namely, 6 = fi(f*) k b 2 for some fc > 1 
and 62 G £>(oo) such that e*b 2 = 0. 

Case 1 : i=£ j. We show that #t(5£ >00 (&)) = #7(S m>00 (6)) (recall that #7 : B(oo) <^-> 
£>(oo) ® £?.,■ is an embedding of crystals). We have 

*J(6) = M/ ; (/;(/;f 7, 2 ) = fi*j((f*)%) = h(b 2 ® b 3 (-k)) 
= /i6 2 ® 6j(-A;). 

Here the last equality immediately follows from the definition of the tensor product of 
crystals (see, for example, [|Kas3| , §7.3]) and the condition that i ^ j. Therefore, we obtain 



*i(S* m>00 (b)) = (S r ; iCO ® ^)(*J(6)) by Lemma £TJ 
= ^00(7*62) ®6j(-mA;) 

= S mt00 (fib 2 ) ® bj(-mk) by the inductive assumption 
= ftSm,co{b2)®b j (-mk). 

On the other hand, 

s m ,oo(&) = 5 m , 00 (/ l (/;) fe 6 2 ) = zrs m ,oo((/;)%) 

= fr(fj) mk Srn,oo(b 2 ) by the inductive assumption. 

As in the proof of Lemma [2.1.3| , we deduce that e*S^ i00 (&2) = 0, and hence e*S mt00 (b 2 ) = 
e *i Sm,oo (^2) = by the inductive assumption. Therefore, 

*70w&)) = *7(/r(/;) mfc ^,oo(& 2 )) = /r^7((/;) mfc ^,oo(&2)) 

= /r(5 m ,oo(& 2 ) ® = {frS m>00 (b 2 )) bji-mk). 

Here the last equality immediately follows again from the definition of the tensor product 
of crystals and the condition that i ^ j. Thus, we get that {S^oofi)) = ^j(Sm,oo(b)), 
and hence S^^b) = S m>00 (b). 
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Case 2 : i = j. As in Case 1, we have \p. (6) = fi(b 2 <8> £>*(—&)). We deduce from the 
definition of the tensor product of crystals that 



^{b) = f i {b 2 ®b i {-k)) 
Hence, as in Case 1, we get 

^7(S*(b)) - 



fifo ® bi(-k) if <^i(6 2 ) > k, 
h®bi(-k-l) \tyi{b 2 )<k. 



frSm,oo(b 2 ) ® bi(-mk) if <pi(b 2 ) > k, 
S m ,oo{b 2 ) ®bi(-mk - m) if (pi(b 2 ) < k. 



On the other hand, in exactly the same way as in Case 1, we can show that ^ (S m}OC (b)) = 
f™(Sm,oo(b 2 ) <8> bi(-mk)). Because tpi(S mi0a (b 2 )) = nvpi(b 2 ) by (|2.1.1|) , we deduce from 
the definition of the tensor product of crystals that 



friSmM^bii-mk)) 



' frSm,oc{b 2 ) ® bi(-mk) if <pi{b 2 ) > k, 
^S m>00 (b 2 ) ® bi{-mk - m) ii(fi(b 2 )<k. 



Therefore we obtain that (S* noo (b)) = \I>- (S m ,oo(b)), and hence S^ t00 (b) = S m ,oo(b). 
Thus, we have proved the proposition. □ 

Remark 2.1.4. A similar result holds for the crystal base B(— 00). Namely, for each 
m G Z >0 , there exists a unique injective map S m _oo : B(— 00) B(— 00) with properties 
similar to S mt00 in Theorem [2.1.1| , and it commutes with the *-operation on B(— 00). 

For m G Z >0 , we define an injective map S m> \ : B(U q (g)a\) > £>(£/g(g)a mA ) as in the 
following commutative diagram (cf. Theorem |1.3.2| ): 



B{U q {g)a x ) B(oo) ® T A ® B(-oo) 

Sm,oo®T"„ XjA (g>,S' m ,-cx> (2.1.4) 

S(C/ g ( )a mA ) i3(oc)®T mA ®£(-oc), 

where r mjA : T A -> T mX is defined by r m _ A (t A ) := t mX . We define 5 m : U q (g) ^ f7 9 (g) as 
the direct sum of all S mj \S. 

Proposition 2.1.5. T/ie maps S mi \ : i3(£/ g (g)a A ) <^-> j6([/ ? (g)a mA ) and 5* m : £>(£/ g (g)) <^-» 
S([/ g (g)) Ziawe properties similar to S mj00 in Theorem In addition, the map S m 

commutes with the ^-operation on B(U q (g)). 



Proof. The first assertion immediately follows from Theorem [2.1.1| , Remark 2.1.4 , and the 



definition of the tensor product of crystals (see also | Kas5| , Appendix B]). Let us show the 



second assertion. We set := * o S m o *. It suffices to prove the following claim: 
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Claim. Let A G P, and b G B(U q (g)a\). Then we have that S^(b) G B(C/g(g)a m x), and 
that 5 mA (^(6)) = S^S^ft)). 

Assume that Ha (6) = &i <E> £a <H> &2 with &i G <B(oo) and 62 G B(— 00). Then we see by the 
definition of 5 m that 

SmA(5 m (6)) = (iS^oo (8) r m>A ® 5 m 0O )(Sa(6)) = 5 TOi00 (6i) ® t mA ® S , m> _ 0O (6 2 )- 



On the other hand, we know from Theorem |1.3.3| that b* G B{U q {Q)ay) and Sa'(6*) = 
b* (g> ty <S> b^, where A' := —A — wt(6i) — wt(&2)- Hence we have 

E mX '(S m (b*)) = (S mi00 (g) r m _ A <g> S' to _oo)(Ha'(6*)) = Sm.ooOD ® W <£> ^-00(62)- 

We deduce again from Theorem |i~3~3l that S^(b) = (S m (b*))* G B(U q (o)a mX ), and that 



H mA (^(6)) = 5* 00(61) <g> t mA ® S*^^ 



S m ,oo(bi 



m,— 00 V 



2) by Proposition |2.1.2| and Remark |2.1.4 . 



Thus, we obtain E m x(S^(b)) = E m x(S m (b)), as desired. 



□ 



Theorem 2.1.6. Letm G Z>o- There exists an injective map S mj \ : B(X) B{mX) such 
that S m .\(u\) = u m \ and such that for all b G B(oo) and i £ I, we have 

wt(S , miA (6)) = mwt(fe), e i (S' mi A(6)) = mei(6), ^(S^a^)) = rrufi{b), (2.1.5) 
a m ,A(e,&) = erS m , A (&), a m , A (/,&) = frS m> x(b). (2.1.6) 



Proof. Set S^a := S^lgm. Then it is obvious from Proposition |2.1.5| that S mi x(B(X)) C 
B(U q (g)a m \). So we need only show that (S mi \(b)) is extremal for every b G B(X). We 
can easily check that the action of the Weyl group W commutes with S m ^. So it follows 
from Proposition [2.1.5 that 



w({S miX {b))*) = wS m , x (b*) = S m<x (wb*) for all b G B(X) and w G W. 

Assume that wt(6*) = fi. Then we see that wt ((S mr \(b))*) = mfi. Suppose that 
(w(mfi))(a^) > and ei(w((S mj \(b))*)) 7^ 0. As in the proof of Lemma [2.1.3| , we deduce 
that e™(w((S mtX (b))*)) ^ 0. Hence we have 

S m> x( ei (wb*)) = eTS m , x (wb*) = eT(wS m> x{b*)) = e™(w((S m> x(b))*)) ± 0. 

However, since («;(//)) (a^) > and b* is extremal, we have ei(wb*) = 0, and hence 
S m> \(ei(wb*)) = 0, which is a contradiction. Therefore, we get that ei(w((S mt x(b))*)) = 0. 
Similarly, we can prove that if (w(mn))(a%) < 0, then fi(w((S mtX (b))*)) = 0. This 
completes the proof of the theorem. □ 
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2.2 Embedding into tensor products. In this subsection, we assume that q is an 



affine Lie algebra (for the notation, see §1.2). We know the following theorem from 



in the symmetric case, and from [BN| in the nonsymmetric case. 



Theorem 2.2.1. Let A := Yliei m i w i with rrii G Z>o, and let Bq(X) be the connected 
component of B(X) containing the extremal weight element u\ of weight A. There exists 
a unique embedding Bq(X) °-»- (S^e/o B(wi)® mi of crystals that maps U\ to (S^e/o u ^H i - ^ n 
particular, we have an embedding 

G mm : Boimwi) — B(wif m (2.2.1) 

of crystals that maps u mvDi to u® m . 



Since B{wi) is connected (see [|Kas5| , Theorem 5.5]), we see that S mm {B{wi)) C 



B {mwi). Hence we can define a mm : B{wi) ^ B{wi)® m by a mm := G m , roj o S mm for 
each m G Z >0 . Remark that o~ m)VDi has the following properties: 

wt(o- mjCTi (6)) = mwt(6), ej(o"m,a7i(&)) = rnej(b), ipj(<r m , m {b)) = mipj(b), (2.2.2) 
o-m,^ «®™ ^^(e^) =efa miroi (6), or mm {f ] b) = fJ l a m ^)- (2-2.3) 

Lemma 2.2.2. Lei m, n G Z >0 . TTien we /iat>e cx mriiroi = a®™ o cr m)tJ7 .. 

Proof. Since B(wi) is connected, every 6 G B(wi) is of the form 6 = Xj x Xj 2 ■ ■ ■ Xj k u ZUi 
for some ji, ■ ■ ■ , jfc G J, where Xj is either or fj. We will show by induction on 
k that cr mnm (b) = o~®™. o a mvJi {\)) for all 6 G <6(r«7i). If = 0, then the assertion is 
obvious, since b = u m . Assume that k > 1. We set 6' := x-, 2 • • •Xj k u Wi , and CF mjWi {b') =: 
Mi ® m 2 ® • • • <8> M m G f^tUj)®" 1 . Assume that 

for some fci, . . . , k m G Z>o- Then we have 

<S 4 ° Vm^ib) = xf'o-^miui) ® x" fc V n>roi (M 2 ) ® • • • ® x™ fcm a n , roi (M m ). 
Remark (cf. ||Kasl| , Lemma 1.3.6]) that for all u\ ® m 2 ® ■ ■ ■ ® u m G B(wi)® m , 



Xj(ui <g> m 2 ® ■ • • <8> w m ) = Mi ® m 2 ® ■ ■ • <S> XjUi <8> ■ ■ ■ ® u m 

if and only if 

^™(On, roi (Ml) ® Cr„ iroi (M 2 ) ® • • • ® CT n>roi (M m )) = 

<7n,v>iM ® ^n,w ( («2) ® ' " ' ® 0~n,vji ("mj ■ 
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So we obtain 



a 



®™ o a mjWi {b) = x r ^ l (a n>w .(u 1 ) ® a ntZJ .(u 2 ) <g> • • • ® ct^KO) 
= x^«- 0^(6')). 

Since er®™ o a mm {b') = °mn m (V) °y the inductive assumption, and since a mn>m (b) = 
x~Jl n a mntm (b'), we obtain of™, o cr w , Wi (6) = a mrijroi (6). □ 



For each w G W, we set := wu m G B(vjj). By ||Kas5|, Proposition 5.8], we see 



that u w \ is well-defined. We can easily show the following lemma. 

Lemma 2.2.3. For each m G Z >0 and it; G W , we have cr miroj (« wn7i ) = (M wro J (gl?n - 

Proposition 2.2.4. Let 6 G B(wi). Assume that b = Xj 1 Xj 2 ■ ■ ■ Xj k u mi , where Xj is either 
ej or fj, and set bi := Xj t Xj l+1 ■ ■ ■Xi k u UJi for I = 1, 2 . . . , k + 1 (here fe^+i : = u m ). Then 
there exists sufficiently large m G Z suc/i t/iat /or aZ/ i = 1, 2 . . . , k + 1, 

o- mm (bi) = u Wl imi <g> m^^^ <g> • • • ® u Wl mm (2.2.4) 

/or some u^i, w ij2 , ■ ■ ■ , W;, m G W. 

Proof. We show the assertion by induction on k. If k = 0, then the assertion is obvious. 
Assume that k > 1. By the inductive assumption, there exists m G Z >0 such that a mm (bi) 
is of the desired form for alH = 2, . . . , k + 1. Assume that 

crm, roi (oi) = 0-^.(^62) = a^Cm.Wi^) 

= x j l u W2 lVJi ® Xj i u w . 2 2ZUi <8> ■ ■ • <8> u w2, m zui- 



for some ci, C2, . . . , c m G Z> . We can easily check by Lemma [2.2.3| and [|Kasl| , Lemma 



1.3.6] that if n p G Z >0 satisfies the condition (w 2>p Wi)(ot y h ) | n p c p , then a npm ( x j P 1 u w 2 , P m) = 
u WlVDi <g> M«, 2roi ® • • • ® ^«, nroi for some Wi, w 2 , ■ ■ ■ , w n G W 7 . Therefore, by Lemma |2.2.3| , 
we see that there exists N 3> (for example, put iV = [Tjli n p) sucn that 



for some iui t i, io 1>2 , . . . , W\^ m G W 7 . Furthermore, we deduce from Lemma |2.2.3| that 
(civ,TO i )' 8)m o'm^^bi) is of the desired form for all I = 2, . . . , k + 1. It follows from 
Lemma [2.2.2| that (o"iv", TOi )® m o <y m ^ i = aNmw We have thus proved the proposition. □ 



3 Preliminary Results. 

3.1 Some tools for path models. A path is, by definition, a piecewise linear, con- 
tinuous map 7r : [0, 1] — > Q ®i P such that 7r(0) = 0. We regard two paths 7r and ir' 
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as equivalent if there exist piecewise linear, nondecreasing, surjective, continuous maps 
t/>, ip' : [0, 1] — > [0, 1] (reparametrization) such that 7T o ip — tt' o tp. We denote by P the set 
of paths (modulo reparametrization) such that 7r(l) G P, and by and /; the raising and 
lowering root operator (see |E2|, §1]). By using root operators, we can endow P with a 
normal crystal structure (see ||L"2] , §1 and §2]); we set wt(7r) := 7r(l), and define e$ : P — > Z 
and : P — > Z by 

6i(n) := max{n>0 | e>^0}, ^(tt) := max{ra > | /> ^ 0}. (3.1.1) 

For an (arbitrary) integral weight A G P, we denote by B(A) the set of Lakshmibai- 
Seshadri paths of shape A (see HL2| , §4]), and set 7T\(t) := tX G B(A). Denote by B (A) 
the connected component of B(A) containing tt\. We obtain the following lemma by |L^, 
Lemma 2.4]. 

Lemma 3.1.1. For it G P, we define S m : P ■=— > P 6?/ S m (iT) := ran, where (mir)(t) : = 
m7r(t) /or i G [0, 1]. TTien we /iai>e S , m (B (A)) = B (mA). In addition, the map S m has 
properties similar to S m>00 in Theorem [g. 1 . 1\ . 



For paths tti, tt 2 G P, we define a concatenation 7Ti * 7r 2 G P as in |E2|, §1]. Because 



7f\* tt\* ■ ■ ■ * 7r\ (m-times) is just n m \ modulo reparametrization, we obtain the following 
lemma. 

Lemma 3.1.2. We have a canonical embedding G m ^\ : Bo(mA) <—■ > B(A)* m of crystals 
that maps Tc mX to n* x m , where B(A)* m := {ni * n 2 * ■ ■ ■ * n m | 7Tj G B(A)}, and TT* x m : = 

7T A *7T A *---*7r A G B(A)* m . 



By combining Lemmas |3.1.1| and p . 1 . 2| , we get an embedding a my \ : B (A) 
defined by a m ^\ := G mt \ o S m . It can easily be seen that this map has properties similar 
to ( gggD and (gX3|) . 



Since B(A) is a normal crystal, we can define an action of the Weyl group W on B(A) 
(cf. ( |1.4.1|) ; see also [|L2], Theorem 8.1]). We set tc wX := wn x for w G W . Note that 



wix\)(t) = t(w\) for each w G W 7 . Using ||L2| , Lemma 2.7], we can prove the following 



proposition in a way similar to Proposition 2.2.4 



Proposition 3.1.3. Let tt G B (A). Assume that it = Xj 1 Xj 2 ■ ■ -Xj k Ti\, where Xj is either 
ej or fj, and set i\\ := Xj t Xj l+1 ■ ■ -Xi k n\ for I = 1, 2, . . . , k + 1 (here Ttk+i '■= 7Ta)- Then 
there exists sufficiently large m G Z such that for all I — 1, 2 . . . , k + 1, 

o~ m ,\(^i) = k Wi a A * ^w ia x * ■ ■ ■ * K Wl m \ (3.1.2) 

for some w t l , W12, ■ ■ ■ , Wz, m G W. 
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3.2 Preliminary lemmas. In this subsection, g is again of affine type (for the nota- 
tion, see §1.2j ). By using [C2, Lemma 2.1 c)], we can easily show the following lemma. 



Lemma 3.2.1. Let i G Iq. For each w G W and j G /, we have wt(7r^ 
£j{n WVJt ) =Ej(u wm ), and ipj(ir wmi ) = tp 3 \u WVJ ^). 



wt(M t , 



It follows from [ Kasl , Lemma 1.3.6], |[L2| , Lemma 2.7], and the lemma above that 



X j {u WlzUi ® U W2ZUi ® • • • ® Uw m vui) 



for some ki, k 2 , ■ ■ ■ , k m G Z> if and only if 



* 7T„ 



for every /c G Z> , m G Z >0 and Wi, w 2 , ■ ■ ■ , w m G W 7 . So we obtain the following lemma. 



Lemma 3.2.2. (1) Let b = Xj t Xj 2 



Xj k u^ Ji G B(wi). Take m G Z >0 such that the 



assertion of Proposition \2.2.J^ holds, and assume that o m)VDi {b) 



u Wm ^i- Then we have ir := x jl x h ■ ■ 'X jh TV Wi ^0, and a^X 71 ) = n WlZUl *ir W2 ^*- ■ -*ir WmZUi . 

(2) The converse of (1) holds. Namely, let 7r = Xj ± Xj 2 ■ ■ ■Xj k 7r m G B(tUj). Take m G Z >0 
such that the assertion of Proposition holds, and assume that o~ miroi (7r) = 7r„„ m . * 



7T. 



W'2 ro? 



* 7T„ 



7i . T/ien we have b := x h x h - ■ ■ x ik u VDi ^ ; and a miroi (6) 



u W2 ^ ® ■■ - ®u v 



4 Main Results. 

4.1 Isomorphism theorem. From now on, q is always an affine Lie algebra. We can 
carry out the proof of our isomorphism theorem, following the general line of that for 



Kas5| , Theorem 4.1]. 



Theorem 4.1.1. There exists a unique isomorphism : Biw^) — > B (cCj) of crystals 
such that = 7r roi . 

Proof. It suffices to prove that for ji, j 2 , . . . , j p G / and k%, k 2 , ■ ■ ■ , k q G /, 



•^k\Xk 2 ' ' ' Xk q U- CUi 4=^ Xj 1 Xj 2 • • • Xj p 7T VUi Xf :i Xj S2 • • • X^^ H^oji i 



0. 



(2) Xj 1 Xj 2 ■ ■ -Xj p u mi — <^ Xj 1 Xj 2 

Part (2) has already been proved in Lemma |3.2.2| . Let us show the direction (=^>) 
of Part (1). Take m G Z>o such that the assertion of Proposition [2.2.4| holds for both 
b\ . Xj 1 Xj 2 ■ ■ ■ Xj p u VJi and b 2 . X] ei Xk 2 ■ ■ ■ x^ q ii VJi . 



Crm.vjiih) = Uw im ® U W2XUi ® • • ■ <g> U Wm 
0-m^{b 2 ) = Uw[^ ® Uw' 2 m t ® ' ' ' ® 
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Since b\ = b 2 , we get u WlVJi = u w > m0 and hence W\Wi = w[wi for all / = 1, 2, . . . , m. By 
Lemma 3.2.2| (1), we see that 



°'m,zu i {^l ) — K-wxtVi * ^W2VJi * ' ' ' * ^w m 



where 7Ti := x^Xj 2 ■ ■ ■ Xj p TT m and 7r 2 := Xfc 1 Xfc 2 • • • Xfc ? vr roi . Since = w\wi and 

TW^) = t(wwi) for all u> G W, we get er^^^i) = o- m , rot 2 ). Since cr miroi is injec- 
tive, we conclude that Hi = 7r 2 . 

We show the reverse direction of Part (1). Take m G Z>o such that the assertion 



of Proposition |3.1.3| holds for both tx\ := Xj x Xj 2 ■ ■ ■ Xj p it mi and 7r 2 := Xk 1 Xk 2 • • • Xk ir^.: 



Since 7Ti = 7r 2 , and hence a mm ( n i) = Cm,^^) in P, the two paths n Wimt * n W2mi * ■ ■ ■ * 
^w m vji and ir w ' imi * tt w ' m * ■ ■ ■ * ^ w ' m ^i are identical modulo reparametrization. Hence we 
can deduce that wiw,i = w'fUi for all I = 1, 2, . . . , m from the fact that if awj G Wwi for 
some a G Q>o and i, j G Iq, then i — j and a — 1. By Lemma |3.2.2| (2), we have 

Vm,vji{h) = U w ' lZUl <g U w ' 2mi <g> • • • <g) W^ro.. 



Since W/OTj = for all / = 1, 2, . . . , m, it follows from ||Kas5| , Proposition 5.8 (i)] that 



7i for all / = 1, 2, . . . , m. Therefore we have a mm (bi) = cr mjroi (6 2 ). Since 
o"m,roi is injective, we conclude that b\ = b 2 . □ 

In general, an isomorphism of crystals between B(X) and Bo(A) does not exist, even if 
B(X) is connected. For example, let g be of type A 2 , and A = w\ + w 2 (we know from 
||Kas5| , Proposition 5.4] that B(X) is connected). If B(X) = B (A) as crystals, then we would 
have wu\ = w'u\ in £>(A) for every w, w' G W with w\ = w'X, but we have an example 
of w, w' G W such that wu\ ^ w'u\ in i3(A) and wX = w'X (see ||Kas5|, Remark 5.10]). 



On the other hand, we obtain the following corollary by combining Theorems |2.2.1| and 
[4.1.1| , because we can deduce from Theorem |4. 1. 1| that the concatenation Catj S / M (zui)* mi 
of Bo(z*7j)'s is isomorphic to the tensor product B(wi)® mi of £>(tc7j)'s for all rrii G 

Z> , i G I. 

Corollary 4.1.2. Let X = J2iei miU!i ' an< ^ set n ^ := Gati e / e Cat ig / M (zui)* mi . 
Lei Bo (A) be the connected component of Catig/,, Bo(ct7i)* mi containing tt\, i.e., that of 
Cati £ / M(zui)* mi . Then there exists a unique isomorphism $a : Bo(X) — > B (A) of crystals 
that maps u\ to 7r A . 
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Remark 4.1.3. In Q, Greenstein proved that if g is of type A\ , then the connected 
component Bo(mtz7j + n<5) is a path model for a certain bounded module L(£,m,n). He 
also showed a decomposition rule for tensor products, which seems to be closely related 
to Theorem (4.3.21 below. 



4.2 Branching rule. 

Lemma 4.2.1. For any 7r G B(t37j) ; we /jane (7r(l), 7r(l)) < (tUj, cc7j). 

Proof. Let 7r = (i/^, i/ 2) • • • ; I a o> • • • > a s) with z/j- G VFtUj and a 3 - G [0, 1] be a 
Lakshmibai-Seshadri path of shape Wi (cf. Jy| §4]). By the definition of a Lakshmibai- 
Seshadri path, we see that 7r(l) = X^=i( a i — a j-i) u j- Hence we have 

s 

(7r(l),7r(l)) = y^( Q j - %-l) 2 (^) ^j) + 2 (° fe _ a k-l)( a l - Ol-l)(^fc>^) 

i=i i<k<i<s 

s 

= ^2(aj - aj-i) 2 (wi,Wi) + 2 ^2 ( a k - a k-i){ai - ai-i){m, w k im) 

j=l l<k<l<s 

for some w k i G W . By [ |Kacj , Proposition 6.3], we deduce that w k [ZUi = Wi — (3 k i + n k i5 for 
some (3ki G J2iei ^>o a i an d G Z. Therefore we have (note that zui is of level 0) 



7T 



(1), tt(1)) = ^(a,- - aj-i) 2 ^, n7<) 



+ 2 ^ (ojfc - a fc _i)(a; - ai^i)(w h Wi - (3 kl + n kl 5) 



\<k<l<s 

s 

= ^2( a i ~ a j-i) 2 + 2 (a fc - a fc _i)(a ; - a / _i)(ro i ,G7 i ) 

j=l l<fc</<s 

-2 ^ {a k - a k ^i){ai - a^i){w h (3 k i) 

l<k<l<s 

= \^2( a j - a 3-i)\ (^i^i) ~ 2 ^2 ( a k ~ ak-i)(ai ~ ai-i){^i,(3ki) 
= {wi,Wi) — 2 (a* - a fc _ 1 )(a z — 0/_i)(cc7j, (3 H ) 

l<k<l<s 

Since (mi, (3 k i) > for all 1 < k < I < s, we deduce that (vr(l), vr(l)) < (wi,Wi), as 
desired. □ 

Let S be a proper subset of J, i.e., SCI. Denote by gs the Levi subalgebra of g 
corresponding to S. Note that a crystal B for g can be regarded as a crystal for g$ by 
restriction. 
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Theorem 4.2.2. As crystals for Qs, B(o7j) and M (rz>i) decompose as follows : 

B( OTl )^ [J B 5 (vr(l)), B (u7,)= [J B s (tt(1)). (4.2.1) 

7r€B(ro;) 7reBo(o7i) 
7r: gg-dominant it: gg-dominant 

where Bs(A) is the set of Lakshmibai-Seshadri paths of shape A for Qs, o,nd a path it is 
said to be Qs-dominant if (7i(t))(a^) > for all t G [0, 1] and i G S. 



Proof. We will show the first equality in fl4.2.1|) , since the second one can be shown in 



the same way. As in [|Kasl| , §9.3], we deduce, using by Lemma [4.2. 1 , that each connected 
component of B(tz^) (as a crystal for Qs) contains an extremal weight element ir' with 
respect to Ws '■= (rj | j G S). Because Qs is a finite-dimensional reductive Lie algebra, 
there exists w G Ws such that ((w7r)(l))(aj) > for all j G S. Put n := wn' for this 
w G Ws- Since 7r is also extremal, we deduce from ||L2| , Lemma 4.5 d)] that (7r(t))(aJ) > 



for all t G [0, 1] and j G S, i.e., it is g^-dominant. We see from fL~2] , Theorem 7.1] that 
the connected component containing 7r is isomorphic to Bg(7r(l)), thereby completing the 
proof of the theorem. □ 

Theorem 4.2.3. (1) The extremal weight module V{wj) of extremal weight w,i is com- 
pletely reducible as a module over the quantized universal enveloping algebra U q (qs) of the 
Levi subalgebra Qs- 

(2) The decomposition ofV(vjj) as a U q (Qs)-module is given by : 



Vfai) — Vs(tt(1)), (4.2.2) 



7r: gg-dominant 

where Vs(X) is the integrable highest weight module of highest weight A over U q (Qs)- 

Proof. (1) We first prove that U := U q (Qs)u is finite-dimensional for each weight vector 
u G V(vjj). To prove this, it suffices to show that the weight system Wt(£7) of U is a 
finite set, since each weight space of V{wi) is finite-dimensional (see ||Kas5| , Proposition 
5.16 (iii)]). Remark that if /x, v G P are weights of U, then /x, v G f)g, and fi — v G Qs '■ = 
J2ies Hence the canonical map cl : f)g ~** flo/Q^ is injective on Wt (£/"), since A;5 G" 
for any G Z\ {0}. Since Wt(C/) is contained in the weight system Wt(V(zUi)) of V^Wj), 
it follows from Theorem |4.1.1| and Lemma [4.2. 1| that 



cl(Wt(C/)) C d(Wt(V(tJ7 i ))) = c1({tt(1) I 7T G B (u7. 4 )}) by Theorem gXT] 
C {// G h*/Q5 I (ii',/i') < (d(tJ7<),cl(t!70)} b y Lemma |424[ 



Because the bilinear form (• , •) on f)o/Q<5 is positive-definite, the set cl(Wt(C/)) is discrete 
and contained in a compact set with respect to the metric topology on IR ®q (1)q/Q5) 
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defined by (• , •). Therefore, we see that cl(Wt(£f)) is a finite set, and hence so is Wt(£7). 
Thus, we conclude that U = U q (gs) , u is finite-dimensional. 

Since q is assumed not to be a root of unity, the finite-dimensional U q (gs) -module 
U q (Qs)u is completely reducible for each weight vector u £ V(o7i). Because V{wi) is a 
sum of all such U q (gs)u's, we deduce that V{wi) is also completely reducible. 

(2) Because each weight space of V{wi) is finite-dimensional, we can define the formal 
character ch V{vjj) of V{wj). By Theorem |4.2.2 , we have 



W 

7r: gs-dominant 

Therefore, in order to prove Part (2), we need only show that this is the unique way 
of writing ch V(ti7j) as a sum of the characters of integrable highest weight 05-modules. 
Assume that 

ch V{wi) = ^ c A ch V S (X) and ch Vfa) = ^ c' x ch V S (X) 
agp agp 

with c\, c' x £ Z for A £ P. Then we have ^ AgP (cA — c' x ) ch Vs(A) = 0. Suppose that there 
exists A £ P such that c x - c' x ^ 0, and set X := {A £ P \ c x - c' x ^ 0}(^ 0). Note that 
X is contained in the weight system Wt(V r (n7 i )) of V{vji). As in the proof of Part (1), 
we deduce that 

cl(Wt(VV,))) C {// £ f)S/Q5 I (//,//) < (cl(^),cl(^))}, 

and hence Wt(y(cc7j)) modulo Z5 is a finite set. 

Now, we define a partial order > s on P as follows: 

ft >s v for fi, veP <^=^ fJL-v £ (Qs)+ ■= ^ Z> c^. 

iG5 

Let us show that the set X has a maximal element with respect to this order >g. Let 
/i £ X. Then Wt(V(t*7j)) fl (// + Qs) is a finite set. Indeed, if this is not a finite set, then 
there exist elements u, v' of it such that v — v' — k8 with k £ Z \ {0}, since Wt(V(z37j)) 
modulo Z<5 is a finite set. However, since v — v' £ Q5 and /cJ £" Q5 for any k £ Z \ {0}, 
this is a contradiction. Therefore, we see that Ifl(/i + (<3s)+) is also a finite set, and 
hence that X has a maximal element of the form /i + /3 for some /3 £ ((55)+. 

Let z/ £ X be a maximal element with respect to this order >g. We can easily see 
that the coefficient of e(V) in X1agp( Ca ~~ c 'a) c ^ ^s(^) is equal to c u — d v . Since v £ X, we 
have — 7^ 0, which contradicts X]a( Ca — c 'a) cn Vs(A) = 0. This completes the proof 
of the theorem. □ 
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4.3 Decomposition rule for tensor products. In this subsection, we assume that 
vji is minuscule, i.e., Wi(a y ) £ {±1, 0} for every dual real root ct v of g. For example, if 
g is of type An \ then all cc^'s are minuscule. 

Remark 4.3.1. If Wi is minuscule, then, for any fi, v £ Wwi and rational number < 
a < 1, there does not exist an a-chain for (/i, v). Hence it follows from the definition of 
a Lakshmibai-Seshadri path that B(tUj) = \n WVJi \ w £ W}. Since wii^. = Ti wmi) we see 
that M(wi) is connected, and hence B(cc7j) = Bo(ct7i). 

Theorem 4.3.2. Let X be a dominant integral weight which is not a multiple of the null 
root 5 of g. Then the concatenation B(A) * M(wi) decomposes as follows: 

B(A)*B(w;)= [J B(A + tt(1)), (4.3.1) 

7rGB(roi) 
7r: A-dominant 

where tt £ B(tUj) sa«d to be X-dominant if (A + 7r(t))(a/) > /or a// 1 £ [0, 1] andi £ /. 

Proof. We will prove that each connected component contains a (unique) path of the form 
7T\ * 7T for a A-dominant path tt £ B(ct7j). Then the assertion of the theorem follows from 



L~2| Theorem 7.1]. 

Let 7Ti * 7r 2 £ B(A) * B(o7j). It can easily be seen that e^e^ • ■ ■ ei k (ni * 7r 2 ) = tt\ * ix' 2 for 
some ii, i 2 , . . . , £ /, where 7r 2 £ B(cCj) (cf. jG], §5.6]). Set S 1 := {z £ / | A(a^) = 0} 
(note that S C /, since A is not a multiple of 5), and let B be the set of paths of the 
form Cj x e^ ■ • -e^Tix * ir' 2 ) for some ji, j 2 , . . . , ji £ S. Remark that if e^e^ • ■ -e^{v:\ * 
7r 2 ) 7^ 0, then Cj x Cj 2 ■ ■ -e^iix * n 2 ) = n\ * (e^e^ 4 ■ ' e ji n 2)- As m the proof of Part (2) of 



Theorem 4.2.3, we deduce that 



(tt(I) I vr £ B(u7j)} n (tt 2 (1) + (Q s )+) = Wt(F(^)) n (vr 2 (l) + (Q s )+) 

is a finite set. Hence we have tt\ * 7r 2 £ B for some 7r 2 £ M(wi) such that e.,-(7rA * tt 2 ) = 
j £ S. Because Wi is minuscule and tt 2 = T\ WVJi for some w E W (cf. Remark [4.3.1 



we see that e,,-(7r A * tt 2 ) = for all j £ / \ S. Therefore, we conclude that n 2 £ B(ro.;) is 
A-dominant. Thus we have completed the proof of the theorem. □ 

Remark 4.3.3. Unlike Theorems [4.2.2| and |4.2.3| , this theorem does not necessarily imply 
the decomposition rule for tensor products of corresponding [/^(j^-modules. 
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